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A. SOLUTION OF TRIGONOMETRIC EQUATIONS
A solution of trigonometric equation is the value of the unknown angle that satisfies the equation.
i sin 0 1 o n 3n 9n 1lixn
.g.ifsino = —7= o e ot Barant TP
g-1s J2 = 444" 4
Thus, the trigonometric equation may have infinite number of solutions (because of their periodic
nature) and can be classified as : (1) Principal solution (2) General solution.
(1) Principal solutions : The solutions of trigonometric equation which lie in the interval [0, 2x) are
called principal solutions.
. o ) . ) 1
Ex.1 Find the Principal solutions of the equation sinx = 5
_ 1 _
Sol. sin x = > there exists two values 4
on L
R S 1 6 6
i.e. Eand? which lie in [0, 2n) and whose sine is 2
0 P
o . o 1 _m 5¢n
Principal solutions of the equation sinx = 5 are 56
(2) General solution : The expression involving an integer *‘n’ which gives all solutions of a trigonomet-
ric equation is called General solution.
. . T T
(@) If sin@=sina = 06=nn+ (-1)"a where a {—EE} ,hel.
(b) If cos6 =cosa = 06 =2nn £ o where a e [0, n], nel .
mT T
(c) If tan6 =tana = 6 =nn + o whereae [—E,Ej ,hel .
(d) If sin20 = sin2a= 0 = nn £a .
(e) cos20 = cos2a = 0 =nn £ a .
(f) tan206 = tan2a0 = 6 = nn £ a . [ Note : o is called the principal angle ]
Ex.2 Sol 2 2
X. olve sec 20 =- o
V3
sol 26 2 20 = -3 26 M =2t 2 nels0=nnt X, ncl
ol. sec20=- —7= = cos20 =-— = COS 20 = COS—— = 2n —,n =n —Q,n
\/g = > = 6 = T 6 el = T 12 €
Ex.3 Solvetan6 =2
Sol. tan6o =2 ....(i). Let 2tan a = tan6=tana = 0=nn+ a, wherea =tan? (2),n el
394 - Rajeev Gandhi Nagar K ota, Ph. No. 0744-2209671, 93141-87482, 93527-21564 M OT? ON:"
IVRS No. 0744-2439051, 0744-2439052, 0744-2439053 www.motioniitjee.com, email-info@motioniitjee.com Nurfuring potential through education




Page # 4 TRIGONOMETRIC EQUATION

1
Ex.4 Solve cos?0 = 5
2
Sol 20 L 20 1 20 » I 0+ + T I
ol. - cos?0= cos?0=|—F—= €cos? 6 = cos? — n —,n
. > = \/E = 2 = T 2 €
Ex.5 Solve 4 tan?0 = 3sec? 0
T
Sol. .- 4tan% = 3sec?6 (D) For equation (i) to be defined 6= (2n + 1) o nel
tion (i) can be writt 4sin°0 __ 3 0%(2n + 1) = I
equation (i) can be written as : = #(2n —,n
q cos’6 cos’0 2 <
= 4sin?0=3 cos?20=0
2
in2o \/g in2o in2 = 0+ + T 1
sin2@=| "5~ sin? @ = sin? n —,n
= 2 = 3 = T 3 €

B. SOLUTIONS OF EQUATIONS BY FACTORISING

Ex.6 Solve (2 sin x — cos x) (1 + cos x) = sin? x

Sol. .- (2sinx-cosx) (1 + cos x) = sin?x
= (2sinx-cosx)(1+cosx)-(1-cosx)(lL+cosx)=0 = (l4+cosx)(2sinx-1)=0
: . 1
= 1+cosx=0 or 2sinx-1=0 = cosx=-1 or smx=§
Y T
= x=2n+1)x,nel or sinx=sin€,nel = x+nn(—1)“g,nel
T
Solution of given equationis (2n + 1) n, n el or nm+ (-1)" 6 nel

1
Ex.7 Solve the equation sin3 x cos x - sin x cos3x = 2

Sol. The equation can be written as 4 sin x cos x (sin? x — cos2 x) = 1,

T T
= -2 sin 2x cos 2x = -sin4x =1 = x=—§+k.§(k=0,:l:1,:|:2,....)

1 1 1 1 1 1
sin?x cos?’x tan’x cot’x sec?x csc?x
Sol. Using the well-known trigonometric formulas, write the equation in the following way :
csc? x — sec? x — cot? x - tan? x - cos? x - sin2 x = -3 (1)
Since csc? x = 1 + cot? x and sec? x = 1 + tan? x, the above equation is reduced to the form tan? x=1

Ex.8 Solve the equation

s T
= x=—+k—.

4 2
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1+sinx+sin?x+sin®x+.....+sn" X +....0 4

Ex.9 Find the general solution of the equation =

Sol.

: : : : = 2
1-sinx+sin®x-sin®x+..(-)"sin"x+..00  1+tan“x

b
where x #kn + -, ke L.

2
Nfof LHS = ————; Drof LHS = —————
1-sinx 1+sinx
h Lrsinx . 4 cos?x = 4(1 - sin X)(1 + si
ence . = = 4 cos?x = - sin + sin
1-sinx  sec?®x x = 4(1 - sinx)( )
1 1 1
hence 4(1-sinx)2=1 = (1—sinx)2=Z:> (1—sinx)=§ or -5
nx =~ nx = > (rejected) i in— = + (1) 1
sinx=—= or sinx= 7 (rejecte S sinx=sin— x=nn+(-1)"—=, ne
2 2\ 6 6

Ex.10 Find the general solution of the equation sin3x(1 + cot x) + cos3x(1 + tan x) = cos 2x.

Sol.

sin2x(cos x + sin x) + cos2x (cos x + sin x) = cos 2x
(cos x + sin x)(cos2x + sin?x) = (cos X + sin X)(cos X — sin x)

(cos x + sin x)[cosx —sinx-1)] =0

either cos X +sinx =0....(1) or cosx-sinx=1....(2)
from (1) tanx=-1 or 1-sin2x=1 = sin2x=0
_r T
If tanx=-1=tan 4 R x—x—nn—4,neI

nmw
Ifsin2x =0=2x=nm = X = 7 this is to be rejected because of the tan x or cot x will not be

T
defined so x = (nﬂ—zj, nel

Ex.11 Find the solutions of the equation, IOQﬁan(lJr COSX) = 2 in the interval x € [0, 2x].

Sol.

2sin’x =1+ cos x; 2cos?x +cosx-1=0
1 ) T Snbt q om o cted T
= CcosX=T or - = Xx=—_, T, 5 bu x =7 and — arerejected => x = =
2 3 3 3 ! 3

Ex.12 Find the general solution of the trigonometric equations ,

1 cosx cos® X
(a) sec (%+X) + sec (%— ) =242, (b) |1 cosa cosfa| = Owherea e (O,Ej
1 —cosa - cos’ a

What happens if a = wn/2.
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J2 J2 2 cos X
Sol. (a) - + - = 2\/§ or = 2 =  CO0S 2 X = COS X
COSX — SInX COSX + SInX COoS 2X
. . . . 2nmn
Hence 2 x = 2 nn £ X, positive sign , X =2 nnz ; negative sign , X = T
o 2nn _ 2nn
Hence the general solution is x = T , hel as 2nnrn isasubset of ——
0 cosx — coso.  Cos’X — €os’ o
(b) |O 2 cosa 0 =0
1 -cosa cos’ a
= 2cosa (cos?x —cos’?a) = 0= COS?X = COS? a (cosa=0) = X=nn*a

T
If a = E the equation becomes an identity and hence true Vv x € R.

C. SOLUTIONS OF EQUATIONS REDUCIBLE TO QUADRATIC EQUATIONS

Ex.13 Solve the equation sin2 x(tan x + 1) = 3 sin x (cos x - sin X) + 3.

Sol. The given equation makes no sense when cos x = 0; therefore we can suppose that cos x = 0. Noting
that the right-hand member of the equation is equal to 3 sin x cos x + 3 cos? x, and dividing both
members by cos? x, we obtain tan? x (tan x + 1) = 3 (tan x + 1),

T T
- tkm, x3=- 7 +kn.

T
= (tan?x-3)(tanx+1)=0 :>x1=——+kn,x2=3 3

4

Ex.14 Find the general solution set of the equation log,,,,(2 + 4 cos?x) = 2.
Sol. 2+ 4cos?x=tan?’x = 3 +4cos?2x =sec’x = 4 cos*x +3cos?x-1=0

let cos?x =t = 4t2+3t-1=0 = (GAt-1Dt+1)=0 = t=1/4ort=-1
1 ) T T
= Co0s?x = i cos?x = - 1 (not possible) =  cos?x = c052§ = X=nm+ 3 nel

Ex.15 The equation cos2x - sin x + a = 0 has roots when x € (0, n/2) find 'a'.

Sol. 1-sin2x-sinx+a=0 = sin>x+sinx-(a+1)=0 (let sinx =1t)
-1+ /1+4(a+1 -1++/4a+5
t2+t-(a+1)=0, te(0,1) =>t= 2( ):>t=#(reject—vesign)
-1++4a+5 -1++4a+5
t= ——m—— now 0 < ———— <1
2 2
= 0<-1+ /4a+5 <2 or 1< J4a+5 <3
= 1<4a+5<9 => -4<4a<4 = -1l<axl1 = ae(-1,1)
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Ex.16 Solve the equation cot? x =

Sol.

1+ sinx
1+cosx

The given equation only makes sense for x # kx. For these values of x it can be rewritten in the form
cos3 x + cos? x = sin3 x + sin? x.
Transferring all terms to the left-hand side of the equation and factoring it we get
(cos x - sin x) (sin? x + cos2 X + sin x cos X + sin X + cos x) = 0.
There are two possible cases here which are considered below.

T
(a) sinx—cosx=0,thenx1=z+kn; ...... (1)
(b) sin2x = cosZx + sin X cos X + sin X + cos x= 0.  ...... (2)
T
Equation (2) has the solutions x, = ey + 2kn ... (3)and x; =2k + 1) n. ... (4)

But the values of x determined by formula (4) are not roots of the original equations, since the original
equation is only considered for x = kr. Consequently, the equation has the roots defined by formulas
(1) and (3).

Ex.17 Solve the equation 2 - (7 + sin 2x) sin? x + (7 + sin 2x) sin* x = 0.

Sol.

Ex.18 Solve the equation sin® x + cos® x

The left member of the equation being equal to

1
2 — (7 + sin 2x) (sin? x = sin%x) = 2 - (7 + sin 2x) sin2 x . cos?2 x = 2 - (7 + sin ZX)Zsin2 2X,

we can put t = sin 2x and rewrite the equation in the formt3 + 7t2-8 =0 ... (1)
It is readily see that equation (1) has the roots t, = 1. The other two roots are found form the
equationt?+8x+8=0 ... (2)

Solving this equation we findt = -4 + 2,/ and t=-4-2 /7.

These roots should be discarded because they are greater than unity in their absolute values.
Consequently, the roots of the original equation coincide with the roots of the equation sin 2x = 1.
X =n/4 + kn

17
32

1
Sol. Using the identity (sin? x + cos? x)2 = 1 we get sin* x + cos* x = 1 - > sin? 2x,
1 21 17
in8 8y = |1-=siN2x| —= gin4 2x = —
whence  sin® x + cos® x ( 5 ] g sin 2X 32
1 '22+l'42 17 in% 2 8'22+15 0
-sin2 2x + — sin* 2x = —— sin* 2x - 8sin2 2x + — = 0.
= 8 32 = 4
Solvi t sin? 2 4:I:7 2o 1 5 T E h 2k+1
olving we get sin? 2x = -, sin?2x = —, x=—+K—-; whence x-= .
gweg 2 2 42 g "
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Ex.19

Sol.

Ex.20
Sol.

Ex.21

Sol.

Find all solutions of the equation (tan? x — 1)~1 = 1 + cos 2x, which satisfy the inequality 2x*1 -8 > 0

Let us reduce the initial trigonometric equation to the form (1 + cos 2x) (1+mj = 0.

T T
The following values of x are solutions of this equation x = - E +nrn, x=4=% § +rk, n, k eZ.

By the hypothesis, we must choose those values of x which satisfy the inequalities

T
2x+1-8>0, cosx=D0.The values we need are x=i§ +rn,neN

For what a is the equation sin? x - sin x cos x — 2 cos? x = a solvable ? Find the solutions.

Multiplying the right member of the equation by sin? x + cos? x = 1 we reduce it to the form
(1-a)sinfx-sinxcosx-(a+2)cos2x=0. ... (1)

First let us assume that a = 1. Then form (1) is follows that cos x = 0, since otherwise we have sin x =

cos x = 0 which is impossible. Dividing both members of (1) by cos? x and putting

tan x = t we get the equation (1 —a)t2-t-(a+2)=0. ........ (2)

Equation (1) is solvable if and only if the roots of equation (2) are real, i.e. if its discriminant is non-

negative D =-4a2-4a+9>0. ... (3)

J10 +1 J10 -1
2

<acs<
2

Let t; and t, be the roots of equation (2). Then the corresponding solutions of equation (1) have the
form X, = arctant, + kn, x, = arc tan t, + kr,

Now let us consider the case a = 1.

In this case equation (1) is written in the form cos x (sin x + 3 cos x) =0

Solving inequality (3) we find -

Y
and has the following solutions : x,; = E + kn, X, = -arctan 3 + kn.

Determine all the values of a for which the equation sin* x - 2 cos? x + a2 = 0 is solvable. Find the
solutions.

1-cos2x 1+ cos2x

2 2

we rewrite the given equation in the formt2 -6t +4a2-3=0 ........ (1)
The original equation has solutions for a given value of a if and only if, for his value of a, the roots t,
and t, of the equation (1) are real and at least one of these roots does not exceed unity in its absolute

2
Applying the formula sin* x = ( ) , COSZ x = and putting cos 2x =t

value. Solving equation (1), we findt, =3 -2 /332, t,=3+23-a%.

Hence the rotos of equation (1) arerealif |a|< .3 ... (2)

If condition (2) is fulfilled, then t, > 1 and, therefore, this root can be dicarded. Thus, the problem is
reduced to finding the values of a satisfying condition (2), for which | t, | <1, i.e,,

-1<3-243_-g2 <. L. (3)
From (3) wefind-4<-2 ,3_32 <-2, = 22,3_32 21 .......... (4)
Since the inequality 2 > /3 _ g2 is fulfilled for | a | < \/§, the system of inequalities (4) is reduced to

the inequality 3 _g2 >1, =>lal< 2.

Thus, the original equation is solvable if | a | < \/E, and its solutions are

1
X == 5 arccos (3 -2 ,/3-32) + kn.

< 394 - Rajeev Gandhi Nagar Kota, Ph. No. 0744-2209671, 93141-87482, 93527-21564
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D. SOLVING EQUATIONS BY INTRODUCING AN AUXILIARY ARGUMENT

Ex. 22 Solve sin x + cos x = /2

Sol. .- sinx+cosx=,2 ) Here a=1,b=1

1 1
divide both sides of equation (i) by \/E, we get sin x . ﬁ + cos X . ﬁ =1

i in — + z 1 (X n] 1 z 2 I
= sinx.sin — 4+cosx.cos - =1= cos|*~ | = = X-—=2nm Nne
4 4 4 4 '
TE - - - - TE
= X=2n7n + 2 nel Solution of given equation is 2nx + 2 nel

Ex.23 Solve the equation cos 7x - sin 5x = ,/3 (cos 5x - sin 7x).

3 1
% cos 5x + — sin 5x

1 3
Sol. Rewrite the equation in the form — cos 7x + > sin 7x = 5

2

n n n T T (n
or sin 5 cos 7X + cos 5 sin 7x = sin 3 cos 5X + cos 3 sin 5x, i.e. sin (€+7xj=sm[§+5x)_
But sin o = sin B if and only if eithera—p = 2krora+f= 2m+ 1)x(k, m=0,+1, £2,..... ).

H Zi7x-Z 5x = 2k Zirx-Z 5x=(02m+1
ence6 3 X =2kn or 6 3 X = (2m ) ®.

X = (12k + 1),
12

Thus, the roots for the equation are (k, m=0,+1,+2,... ).

s
X=—/(4m+1
24( )

asinx+b acosx+b
bcosx+a bsinx+a
Sol. Noting that (b cos x + a) (b sin x + a) = 0 (otherwise the equation has no sense), we discard the

denominators and get ab sinZ x + (a2 + b2) sin x + ab = ab cos? x + (a2 + b2) cos x + ab,

whence (@2 + b2) (sin x - cos x) - ab (sin? x - cos? x) = 0.

Therefore, the original equation is reduced to the following two equations :

Ex.24 Solve the equation (a2 = 2b?2)

a® +b?
ab

T
1°, sin x = cos X, whence x = Z + kn and 2°.sinx + cos X =

a® +b?
|ab |

> 2.

. I
sin| X+~
[ 4]
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Ex.25 Solve the equation 2 sin 17x + /3 cos 5x + sin 5x = 0
T
Sol. Dividing both sides of the equation by 2, we reduce it to the form sin 17 x + sin (5X+§] =0,
_ _ T T n  kn n  (Zk+Drn
whence we obtain 2 sin (11X+ 6]003(&( 6} =0 = X =- gﬁ“ﬁ, X, = £+T
1
Ex.26 Solve the equation sin3x +cos3x =1 - 5 sin 2x.
Sol. Using the formula for the sum of cubes of two members we transform the left-hand side of the
1.
equation in the following way : (sin x + cos x) (1 - sin X cos X) = 1_55"1 2X| (sin x + oS X).
1.
Hence, the original equation takes the form 1_55'”2X (sinx + cos x - 1) = 0.
The expression in the first brackets is different from zero for all x. Therefore it is sufficient to consider
the equation sin x + cos x = 1 = 0. The latter is reduced to the form
N AN n
sin a4)” \/E = X, 27k, X, = E + 2nk
E. SOLVING EQUATIONS BY TRANSFORMING A SUM OF TRIGONOMETRIC
FUNCTIONS INTO A PRODUCT
Ex.27 Solve €cos 3X + sin 2x = sin4x =0
Sol. cos3x+sin2x-sin4x =0 = C0s3x+2cos3x.sin(-x) =0 = cos3x-2cosx.sinx=0
= cos3x(1-2sinx)=0 = cos3x=0 orl1-2sinx=0
T ) 1 i T
= 3x=(2n+1) E,nelorsmx= > = x=(2n+1) g,nel orx =nn+ (-1)" g,nel
Y Y
solution of given equation is (2n + 1) X nel or nt + (=1)" X nel
F. SOLVING EQUATIONS BY TRANSFORMING A PRODUCT OF TRIGONOMETRIC
FUNCTIONS INTO A SUM
Ex.28 Solve sin 5x . cos 3x = sin 6x . cos 2X
Sol. sin 5x . cos 3x = sin 6x . cos 2Xx = 2sin 5x . cos 3x = 2sin 6x . cos 2x
= sin8x + sin 2x =sin 8x + sin4x = sin4x —-sin2x =0
= 2sin2x.cos2x -sin2x =0 = sin2x (2cos2x-1)=0
1
= sin2x=0 or 2cos2x-1=0 = 2Xx=nn,nel or cost=E
= n_n 1 2X =2 + kid | = + r I
= X—2,ne or X =Z2Nnn 3,ne = X =Nnn 6,ne
nn T
Solution of given equation is PX nelor nrz* 6 nel
M OT? 0 N e 394 - Rajeev Gandhi Nagar Kota, Ph. No. 0744-2209671, 93141-87482, 93527-21564
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Ex.29 Solve the equation cotx -2sin2x =1

Sol.

First solution : The equation becomes senseless for x = kr. For all the other values of x it is equivalent
to the equation cos x - sin x = 2 sin 2x . sin X
we obtain cos x — sin x = cos X — cos 3X, sin X = cos 3X,

T T T A 3n
inX = si - 3X in | 2Xx——|cos| Xx—— | = = — idad
whence sin x = sin [2 j Consequently, 2 sin [ 4j ( 4] =0=x, = 8 + > Xy = 7 + kn

Second solution : putting tan x = t, we get the equation t3 +3t2+t-1=0.

Factoring the left member, we obtain (t + 1) (t+ 1 - /o) (t+ 1+ f2) = 0.

whence (tanx), =1, (tanx), = \/2 -1, (tanx);=-1- /2.

3n
= X =y + kn; x, = arctan (/2 - 1) + kn, X3 = —arctan (1 + [2) + kn.

SOLVING EQUATIONS BY A CHANGE OF VARIABLE

(i) Equations of the form P (sinx + cosx, sinx . cos x) =0 , where P(y,z)is a polynomial , can
be solved by the change cosxsinx=t = 1+ 2sinx . cosx = t2

(ii) Equations of the form of a.sinx+b.cosx+d=0, where a, b &d are real humbers &
a, b=0 can be solved by changing sin x & cos x into their corresponding tangent of half the angle.

(iii)Many equations can be solved by introducing a new variable . eg. the equation
sin* 2x + cos* 2x = sin 2x . cos 2x changes to

1
2(y+1) (y——zj =0 by substituting, sin2x.cos2x =y.

Ex.30 Solve sin x + cos x = 1 sin x. cos x

Sol. sin X + cos x = 1 sin x. cos X (D) Let sinx+cosx =t
. . . t? -1
= sin?X + cos? x + 2 sin X . cos x = t? = sinX.CoSX = 2
21 21
Now put sinx + cosx =t and sinx.cosx = in (i), wegett=1+
= ©?-2t+1=0 = t=1 (-+ t=sinx+cosx) = sinx+cosx=1 v (i)
divide both sides of equation (ii) by /2, we get
1 1 1 (X nj m T m
= sinx. 7z +CcOSX. T == = cos ~ | =cos — = X—-— =2nnx —
V2 V2 T2 4 4 4 =TT g
. . . T
(i) if we take positive sign, we get x = 2nn + o nel
(i) if we take negative sign, we get x = 2nx, n €1
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Ex.31

Solve the equation sin 2x - 12 (sinx-cosx) +12=0

Sol. Putting sin x - cos x = t and using the identity (sin x - cos x)2 = 1 - 2 sin x cos X, we rewrite the
original equation in the form t2 + 12t - 13 = 0.
. . . \/E . on
This equation has the roots t; = -13 and t, = 1. But t = sin x - cos x = V&SI X~ ], and thus,
| t] < \/E Consequently, the root t; = -13 must be discarded. Therefore, the original equation is
. N VL 1 T
reduced to the equation sin 4)" 2 = Xy =n+ 2kn, X, = 5t 2kr.
X
sec? >
Ex.32 Solve the equation 1+ 2cscx = - > 2
. . X . .
Sol. Transform the given equation to the form 2 cos?2 > (2 + sinx) +sinx =0.
. X . .
Using the formula 2 cos? 5= 1 + cos x and opening the brackets, we obtain
2+ 2(sinx+cosx)+sinx.cosx=0. ... (1)
By the substitution sin x + cos x = t equation (1) is reduced to the quadratic equationt2 + 4t + 3 =0
whose roots are t; = -1 and t, = -3. Since |sin X + cos x| < \/E, the original equation can only be
satisfied by the roots of the equation sin x + cosx =-1. ... (2)
Y
Solving equation (2), we obtain x; = - > + 2kn and X, = (2k + 1) .
here x, should be discarded because sin x, = 0, and therefore the original equation makes no sense for
T
X=X, = Xx=-5 4 2kn
Ex.33 Solve the equation sin x + cos x = 2 /2 sin x cos x = 0.
Sol. Designating sin x + cos x = t and using the equation sin x cos x = (t2 - 1)/2, we reduce the equation
to a new equation with respect to t : \/Etz -t- \/_ = 0.
1
The numberst, = /2, t, = - J2 are roots of this quadratic equation.
Thus the solution of the initial equation reduces to the solution of the trigonometric equations :
- - 1
sin X + cos X = ,SinX+cosx=-"7=.
J2 NG
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1

Multiplying both sides of these equations by the number ﬁ , we reduce them to two simpler equations:

1 8

1 T
= sinXxX+ = cosx=1<sinxcos — +sin — cos X =1 < sin
J2 V2 4

4

1 1 R SR
\/ESInX-l_\/ECOSX:_E@SIn 4 2"

e e 1
The solutions of the equations sin (XJFZJ =1 and sin (XJFZ]:_E are

+ 2nk, keZ;

NG

X = 4

1
Ex.34 Solve the equation 5 (sin* x + cos* x) = sin? x cos? x + Sin X €os X
sin22x +sin2x-1=0

V5 -1 1
N - = (-1)k = i
> = x = (-1) 5 arc sin

Sol. We obtain the equation

Solving it, we get sin 2x =

2

o 7
Ex.35 Find tan — if sina + cos a = > and the angle a lies between 0° and 45°.

4
Sol. Using formulas, we reduce the given relation sin o + cos a = - to the form

(2+ﬁ)tan2%—4tan%—(2—ﬁ)=0

3

a o
_ ) _ . d inltan—| =
Solving this equation with respect to tan 51 we obtain ( 21 2.7

ne1 T T
x = (-1) 5 2 +nmn, nel2.

X+—

T
4 =1.

\/g—l kn
—+_

2

=J7-2 &(tangj =\/7_2

2), 3

a
Let us verify whether the above values of tan — satisfy the conditions of the problem.

2

N R

Since 0 < <

T
8

o '
, we have the condition 0 < tan E < tan g = \/E - 1.
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V7 -2 J7-2

satisfies this condition because

(04
The value [tan—] = <+/2-1. The root J7 —2 should

2), 3
be discarded since J7 2542 -1.

Ex.36 Solve 3cosx +4sinx =75

1—tan2§ 2tan§
Sol. .+ 3cosx+4sinx=5 - COS X = & sin x =
: : l—tanzg l+tan2§

1-tan? 2 2tan X
2,4 2
equation (i) becomes = =5 N (
d M 1+tan? X 1+tan? 2 (it
2 2
X 1-t2 +4[ 2t )
- . i i = 2 _ =
Let tan 5 t .- equation (i) becomes 3 1412 1412 5 = 4t2-4t+1=0
(2t1)20tl(ttx)tXltXt here t L
- = =— (- t=tan ¢ an — = an - =tan o, wheretan a = —
- AP IRS 2/ 7Moo 7 2 * *= 2
X 1
= tanE=nn+a: X = 2nn + 2a where o = tan™! E’nEI
) X
Ex.37 Solve the equation 2 + cos x = 2 tan 5
. X
X smE
Sol. Write the equation in the following form : cos? > sin2 —==2 > -1
Ccos—
2
After some simple transformations it is reduced to the equation
X . X X o X X X
cos=—sin— | 3cos® = +2sin” = +sin=cos— | = g
2 2 2 2 2 2 )
. X X X X ) ) )
The equation 3 cosE + 2 sin2 5 + sin 5 cos 5 = 0 is equivalent to the equation
X X ) T
2 tan? > + tan 5 + 3 = 0 and has no real solutions. x = > + 2kn.
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H.

SOLVING EQUATIONS WITH THE USE OF THE BOUNDNESS OF THE
FUNCTIONS SINX & COSX

1-tanx

Ex.38 Solve the equation ———— =1 + sin 2x.

Sol.

1+tanx

T Y
The equation makes no sense for x = 5 + kr and for x = 2 + kr. For all the other values of x it is

COS X —SinXx

equivalent to the equation ————— =1 + sin 2x.
COS X + SinX

After simple transformations we obtain sin x (3 + sin 2x + cos 2x) = 0.
It is obvious that the equation sin 2x + cos 2x + 3 = 0 has no solution, and therefore, the original
equation is reduced to the equation sihx =0 = x = kn

Ex.39 Solve the equation (sin x + cos x) \/E = tan x + cot x.

Sol.

1 . 1 i 1
Let us transform the equation to the form ﬁsmx + ﬁcosx = Ssinxcosx O sin [X + Zj T sin2x

i.e. sin(XJf%j sin2x=1. ... (1)

We have |sin a| < 1, and therefore (1) holds

if either sin (X”L%j =1 and sin2x=-1 or sin(XJf%j =1 and sin2x=1.

But the first two equations have no roots in common while the second two equations have the common

T T
roots x = 2 + 2kn. Consequently the roots of the given equation are x = 2 + 2km.

Ex.40 Solve the equation sin>"~! x + 2 cos>"~! x = 2, where n € N.

Y
Sol. Obviously no solution is possible if 5 < X < 2ras LHS < 2.
T
If0<x< E,then LHS =sin>-!'x + 2cos® " 'x<sin?x+2cos?x=1+cos?x<2whenneN-{1}.
Obviously, a solution exists only when x = 0 =  The general solutionis x = 2mx, m e L.
X . X X
Whenn=1 sinx+2cosx=2 sin| 2sin>—-Cos—| = o
2 2 2
. L1
= either x = 2kt or x = 2k,n + 2 tan o k,, k, el
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Ex.41 Find all possible real values of x and y satisfying sin? x + 4 sin? y — sin x — 2 siny — 2 sinx. siny + 1 = 0.
Sol. Given equation can be rewritten as sin?x - sinx (1 + 2) (1 + 2siny) + 4sin?y -2siny+1=0

(L+2siny) +/(1+2siny)? — 4(4sin’ y — 2siy +1)

= sinXx
2
R 2siny) +y-3-12sin?y +12siny _ (1+2siny)++-3(2siny — 1)
2 - 2
. L . . ) 1+1
Since sinx is real, = 2siny-1=0o0rsiny =1/2andsinx = = 1

T T
= y=nmn+ (—1)”6, X =(4n, + 1) 5 wheren, n, e L.

T, . s
Ex.42 Solve the equation cos? [Z (sinx + \/ECOS2 x)} - tanz(x + Z'[an2 xj =1

Sol. cos? [%(sinx+\/§cos2 x)}—tanz[XJr%tan2 xj -1

since square of the cosine of any argument doesn’t exceed 1, the given equation holds true if and only

T, .
if we have, simultaneously cos? [Z(S'nx ++/2 cos? X)} =1 (1)

T
and tan (X+Ztan2 Xj =0 ..(2) from (1), sinx + /o cos? x = 4k (3 Vkel

but |sin x + /2 cos?x | < |sin x| + \J2 |cos?x| <1+ Jo <4
so, equation (3) has no solution fork =0 fork =0

-1
sin X + Vv2 cos?2x =0 or, 2sinzx—sinx—\/E=Oor,sinx=ﬁ.\/§

but sin x = \/E is not possible. so only solution to the equation (1) is

5n
X1= T +2nn1X2= T +2n7'51n=0,:|':1,:t2 .........

-7 5n
for x, = 7 + 2nn, equation (2) becomes an identity but x, = 7 + 2 nx doesn’t satisfy equation (2)

—T
so, solution to the original equation x = 4 +2ntvnel

Ex.43 Find the general solution of the equation, sin 3x + cos 4x — 4 sin 7x = cos 10x + sin 17x.
Sol. (sin 17x —sin 3x) —cos 10x —cos 4x + 4sin 7x = 0= 2 cos 10x sin 7x + 2 sin 7x sin 3x + 4 sin 7x=0

nm
= sin7x(cos 10x-sin3x+2)=0 Hence sin7x=0 = x-= 7 , nel
T
or cos10x-sin3x+2=0 = cos10x=-1 and sin3x=1 given x=(4n+ 1) E
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Ex.44 Solve the system of equations form

. 3n* 1 5n 9 * 131 171 21n * 33n

e. X=-— , =, — , —= , — , — , — ., . , — e
6 6 6 6 6 6 6 6

Those starred also satisfy cos 10x = -1, the general term of which is

T nrw T
x=3(4k—1)€ k el Hence x=7 or 3(4k—1)€ where n, k el

SIMULTANEOUS EQUATIONS

sinX =csc X + siny,
COSX =SEec X + COSY.

sin?x =1+sinxsiny, }

Sol. Transform the system to the 20 Ao e (1)
COS“ X =1+ COSXCOSY.
Adding together the equations of system (1) and subtracting the first equation form the second we
. cos2x —cos(x =y) =0,
obtain the system 1+cos(x—y)=0. | e (2)
3X+y
The first equation of system (2) can be rewritten as cos 2x - cos (x+y) = 2 sin T sin (y-x) = 0.
If sin (x = y) = 0, then x - y = kr. But from the second equation of system (2) we find
cos(x-y)=-1,x-y=(2n+ 1) m.
Consequently, in this case we have an infinitude of solutions : x =y (2n + 1) =.
. [3x+y 2k +2n+1 2k—6n-3
If sin B =0,then3x =y =2kn. Butx-y=2n+ 1)1 = x = Tn,y= TTE
. . . 3
Ex.45 Solve the system of equations sin xsiny = T' COS X COS Yy = T
Sol. Adding up the equations of the system, we arrive at an equation
o 3 V3
sin X siny + COS X COS Yy = - & cos(x-y) = -
Subtracting the first equation of the system from the second. we arrive at an equation
cosxcosy-sinxsiny=0<«<cos (x+vy) =0,
o ) . 3 T
Thus the initial system is equivalent to the system cos (x - y) > X-y==% 6 + 2nn,
T T T T T
<n ke Z, cos(x+y)=0, x+y= - +nk, whencex= -+-(2n+ k), x= -+ (2n + k),
2 3 2 6 2
ST o NI
y=5"5( n), y=3%5( n).
T+l (2n-k 4T (k-2n); —4= (2n+k), =+ (k-2 k,nez
= Z+5(@2n-k), 55 (k=2n); —+= @n+k), 5+ (k-2n) (k, n e 2).
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J. MISCELLANEOUS QUESTIONS
Ex.46 Solve the equation 2 cot 2x - 3 cot 3x = tan 2x.
) ) _ ) Cos2x cos3x ) _ sin2x . cos 2%
Sol. The give equation can be rewritten in the form 3 sin2x _ sin3x cos2x | sin2x
3sinx 1
sin2xsin3x  sin2xcos2x °
Note that this equation has sense if the condition sin 2x = 0,sin 3x #0, cos 2x = 0 holds. For the
values of x satisfying this condition we have 3 sin x cos 2x = sin 3x. Transforming the last equation we
obtain sin x (3 — 4 sin? x - 3 cos 2x) = 0 and thus arrive at the equation 2 sin3 x = 0, which is
equivalent to the equation sin x = 0. Hence, due to the above note, the original equation has no
solutions.
_ T T 4cos? x
Ex.47 Solve the equation tan X_Z tan x tan | X+— |=—F——
4 X X
tan— —cot—
2 2
Sol. The right-hand side of the equation is not determined for x = kx and x = n/2 + mn, because for x = 2/n
the function cot x/2 is not defined, for x = (2/r + 1) = the function tan x/2 is not defined and for
x = n/2 + mnz the denominator of the right member of the right member vanishes. For x # kn we have
. o X 2 X
sin® ——-cos” —
X 2cosx
tan> — cot~ = 2X X2=— _
2 sin—cos— sinx
2 2
T
Hence, for x = kn and x = 5 + mr (where k and m are arbitrary integers) the right member of the
equation is equal to - 2 sin x cos x.
Y Y T
The left member of the equation has no sense for x=§ +krand x = Z + /. E (=0, £1, £2, ...), and
for all the other values of x it is equal to —tan x because
tan | x—= |tan[ x + = | =tan| x = = |cot| =~ x + = | |= —tan| x = = |cot| x - = | = 1.
4 4 4 2 4 4 4
i T T T o .
Thus, if X # kn, X # E + mr and x # Z +/ E , then the original equation is reduced to the form
tan x = 2 sin x cos X.
T T
This equation has the roots x = kr and x = Z+f5 It follows that the original equation has no roots.
Ex.48 Solve the equation 8sin®x + 3 cos2x+2cos4x+1=0
) ) 1-cos2a
Sol. Applying the formulas sin? o = — and cos 2o = 2 cos?2 o - 1
we rewrite the equation in the form (1 - cos 2x)3 + 3cos 2x + 2(2 cos2 2x - 1) + 1 = 0,
T T
or 7 cos? 2x - cos3 2x = 0, whence cos 2x = 0,x = 2 + k >
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Ex.49 Solve the equation (1 + k) cos x cos(2x — a) = (1 + k cos 2x) cos (X — a)
Sol. Let us rewrite the given equation in the form
(1 +k)cosxcos (2x—a)=cos (x-a) +kcos2xcos (Xx-a). ... (1)

1
We have cos x cos (2x — a) = 5 [cos (3x — a) + cos (X — a)]

1
and cos (x — a) €cos 2x = > [cos (3x — a) + cos (x + )],

and therefore equation (1) turns into k [cos (x — a) — cos (X + a)] = cos (X — a) — cos (3x — a),
thatis k sin x sin a = sin (2x - a) sinx. ... (2)
Equation (2) is equivalent to the following two equations ;

(@) sinx=0;x=/r and (b) sin(2x-a) =k sina.

Th x=2 e, L arcsin (ksino) + & n
us, =5 ' arcs sin a 5 N
For the last expression to make sense, k and a must satisfy the condition | k sinal <1.
. ) ) . .om 5
Ex.50 Find all solutions of the equation1 + (sin x - cos x) sin i 2 cos? > X, e (1)
which satisfy the condition sin6x<o0. . (2)
T
Sol. Let us simplify the initial equation : 1 + (sin x = cos x) sin 2
5x _ 2 T
= 2 cos? > <1+ (sin x — cos x) > =1 + cos 5x < cos 5x + cos X*z =0,

T T
2 cos (3X+§] cos (Zx_gj = 0.

T T
Thus initial equation (1) is equivalent to the equations cos (3X+§] =0, cos sz_gj =0, ....(3)

h t | tively, t L z L z
whose roots are equal, respectively, to x = —+—, n , X=_——+——, n .

a P Y 8 3 © 16 2 ©
The least common multiple of the periods of the trigonometric functions entering into equation (1) and
inequality (2) is equal to 2r. From the obtained solutions of the equation belonging to the interval

5 5
[0, 2n) the numbers % and % + n satisfy inequality (2). All the solutions of the problem can be

5n
obtained by adding number, which are multiples of 2r, to each root obtained x = 16 +rk (ke 2)
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Ex.51

Sol.

Ex.52

Sol.

Ex.53

Sol.

1
<] +2=0

Solve the equation (cos x — sin x) [2tanx+ pos

X
We designate t = tan E and, using the formulas of the universal trigonometric substitution, write the

3t* + 6t +8t2-2t-3 1 1

(2 +)(1-t?) =0, itsroots are t, = ﬁ, t, = _ﬁ . Thus the solution of

equation in the form

1 X 1

. . X R _ JR—
the equation reduces that of two elementary equations tan 5 = \/5 , tan 5 \/5 e (1)

T
Verification shows that the numbers nn which are roots of the equation cos 5 = 0, are not the roots

of the given equation, and consequently, all solutions of the initial equation can be found as solutions
T

of equation (1) = x== 3

+ 2nk (k € Z).

1
Solve the equation, 5 sin x + -5=2sin’x+ - 57 if xe (0, n).

2sinx 29n“ X

2
. 1 5 1 . 1
_ = | _ sSnXx+ -1
> (SmXJrZsinxj m5=2 (sm X+4sin2xj - ( 25inxj

1
let sinx+ oo~ =t = 5t-5=2(t-1) = 22-5t+3=0= (2t-3)(t-1)=0

= t=1or t=3/2
Ift=1, 2sin?>x-2sinx+1=0 D < 0 no solution
If t=3/2,2sin?>x-3sinx+1=0 = sinx=1 or sin=1/2

T n 5n T T om
5 ores s = X€16'2' 6

X =

Solve |sin 3x + sin x| + |sin 3x - sin x| = \/5.—%<9<g.

|sin 3x + sin x| = |2 sin 3x cos x| = sin 3x + sin x , 0<x<
= - sin 3X - sin x , - - <x<0

T T T
|sin 3x - sin x| = |2 cos 2x sin x| = sin 3x - sin x , LOSXSZ]U(_E<X<_ZJ

; ; E<x<E U —£<X<O
= —sin 3x + sin X , 4 2 4
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Ex.54

Sol.

Ex.55

Sol.

. ) . . ) T T 2%
= |sin 3x + sin x| + |sin 3x - sin x| =2sin3x=,/3 0<x< — :>3x=np+(—1)“§, X=397g
. . , . . T T T T
= |sin 3x + sin x| + | sin 3x - sin x| = 2sinx = /3 Z<XE = x=nn+(—1)”§:x= 3
) ) ) ) ) ) 2t ® 9w ) )
As |sin 3x + sin x| + |sin 3x — sin x| is even function hence - "9’ 9 3 will also satisfy it.

Find all the values of a for which every real root of the equation cos 3x = acos x + (4 - 2 |a]) cos? x
is a root of the equation cos 3x + cos 2x = 2 cos x cos 2x — 1 and vice versa.

Putcosx =y

Weget, 4y>-3y=ay+2R2-lal])y? = 4y*-2R2-]a])y*?-(a@a+3)y=0 (1)
84y -3y +2y?-1=2y(2y?-1)-1=24y3-3y+2y?-1=4y3-2y-1=2y?2- y=0 ....(2)

1
y = 0 and = are the roots of the equation (2)

2
. . . . 1
Now, we have to find the values of a for which equation (1) have the roots eithery = 0, y = E
This is possible only when third root of the equation (1) is eithery = 0, > or |ly| >1
(+r |cos x| = |y| > 1) clearly y = 0 is a solution of equation (1)
Now we will henceforth consider the equation 4 y2-2(2-Ja])y-(a+3) =0
1

One of the root of this equation must be 5

_— 1 . _ 1 _
Substituting y = E in to it, we find that E is a root, when |a] = a + 4. Now for this value of a the

) ) (a+3)
other root of the equation willbey = - T,
Now, value of a will be suitable in the following three cases :
a+3 a+3 1 a+3

Casel: T =0, Case Il : T=E,CaseIII: o> loca=-3,a=-4,a<-5-1<a<0.

Let A and B be acute positive angles satisfying the equalities 3 sin? A + 2sin?B=1;

T
3sin 2A - 2 sin 2B = 0. Prove that A + 2B = E

3
From the given relations we get sin 2B = 5 sin2 A, 3sin?A=1-2sin?B = cos 2B,

3
hence cos (A + 2B) = cos A cos 2B - sin A sin 2B = cos A . 3 sin2 A - 5 sin A sin 2A = 0.
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